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ABSTRACT 

* I '  

A modified c e l l  c l u s t e r  theory  f o r  c a l c u l a t i n g  t h e  s p e c i f i c  f r e e  energy of a 

s o l i d  i s  app l i ed  t o  a harmonic model of a p e r f e c t  monatomic c r y s t a l  corresponding 

t o  the  two dimensional t r i a n g u l a r  l a t t i c e  wi th  n e a r e s t  neighbor i n t e r a c t i o n s  only.  

This technique s tar ts  wi th  the s i n g l e  p a r t i c l e  (E ins t e in )  theory  and then  eva lua te s  

co r rec t ions  from c o r r e l a t e d  motion of l a r g e r  and l a r g e r  sets of contiguous p a r t i c l e s .  

I n  t h e  high temperature  l i m i t  t h e  general  harmonic theory leads  t o  an express ion  f o r  

t he  Helmholtz f r e e  energy, FN, i n  t h e  form, 

F /NkT = -2 I n  T* + DN N 

wi th  T* = kT/hv 

c l u s t e r  technique  c a r r i e d  through s i x t h  order  gives  D = 0.8565 - . -  . The technique i s  

a l s o  a p p l i e d  t o  a one dimensional harmonic model. 

we  are l e d  t o  t h e  conclusion t h a t  a ce l l  c l u s t e r  theory  i s  a n  appropr i a t e  method f o r  

t r e a t i n g  anharmonic fo rces  i n  a s o l i d  p a r t i c u l a r l y  a t  h igh  temperatures  and p res su res .  

For t h e  E i n s t e i n  model D = 1.0986 * * .  whi le  t h e  modified c e l l  0' N 

N 

From t h e s e  and ear l ie r  s t u d i e s  
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1. 
1, INTROD’ICTION 

With the  advent of new experimental  r e s u l t s  on t h e  high temperature ,  high pressure  

p r o p e r t i e s  of s o l i d s  t h e r e  has i n  t h e  last  f i v e  years  been a renewed i n t e r e s t  i n  t he  

theory of t h e  anharmonic p r o p e r t i e s  of s o l i d s .  Most of t h e  work has s t a r t e d  wi th  the  1 

c l a s s i c a l  harmonic approximation and has t r e a t e d  anharmonic e f f e c t s  by p e r t u r b a t i o n  

theory.  This approach, whi le  extremely important t h e o r e t i c a l l y ,  would not  be appro- 

p r i a t e  a t  ve ry  h igh  temperatures  where anharmonic f o r c e s  may p lay  a dominant r o l e  i n  

t h e  thermodynamic and e l a s t i c  p r o p e r t i e s .  

2 I n  a recent  paper a technique w a s  developed f o r  e s t i m a t i n g  the  f r e e  energy of 

t he  most extreme anharmonic model, a system of r i g i d  spheres ,  a t  very  high compressions. 

Although t h e  o r i g i n a l  a i m  of t h e  work i n  Ref.  (2) w a s  t o  o b t a i n  only t h e  l i m i t i n g  va lue  

of the  Helmholtz f r e e  energy pe r  p a r t i c l e  as V/V 
0 

t h e  volume V) , one might very  w e l l  consider t h i s  technique f o r  t r e a t i n g  anharmonic 

+ 1 (Vo is  t h e  close-packed va lue  of 

f o r c e s  i n  general .  The method starts from t h e  s i n g l e  p a r t i c l e  o r  E i n s t e i n  approxima- 

t i o n  and then  eva lua te s  the  s p e c i f i c  f ree-energy con t r ibu t ions  from c o r r e l a t e d  motion 

of l a r g e r  and l a r g e r  sets of contiguous p a r t i c l e s .  

mation has  a l s o  been considered by Runnels3 who app l i ed  it t o  a one-dimensional system 

This type of s equen t i a l  approxi-  

of hard  l i n e s .  

The major purpose of t he  p re sen t  paper i s  t o  apply t h i s  technique t o  a pure ly  

harmonic model of a simple crystal  and t o  examine t h e  method f o r  t h i s  s i m p l i f i e d  case .  

S ince  t h e  earlier ca l cu la t ions*  were performed f o r  a system of two dimensional r i g i d  

d i s c s  i n  a close-packed hexagonal s t ruc t l i r s  =e r -hwse as our model a two dimensional 

t r i a n g u l a r  l a t t i c e  wi th  only nea res t  neighbor i n t e r a c t i o n s .  I n  t h i s  manner w e  o b t a i n  

r e s u l t s  f o r  t h e  same geometric l a t t i c e  a t  the  two e x t r e m s ,  t h e  harmonic approximation 

and t h e  r i g i d  d i s c  system. 

There arises n a t u r a l l y  t h e  ques t ion  about t h e  convergence of our  sequence of 

approximations.  

t h a t  t h e  e n t i r e  sequence carried out t o  N’th order  i s  an i d e n t i t y  f o r  the  exac t  f r e e  

While w e  have been unable t o  prove anything i n  genera l  (o the r  than  

energy of N p a r t i c l e s )  the procedure has been c a r r i e d  out through 4 th  order  (a l l  
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. 2 c o r r e l a t i o n s  of four  p a r t i c l e s )  f o r  r i g i d  d i s c s  

( a l l  c o r r e l a t i o n s  of s ix  p a r t i c l e s )  f o r  the harmonic model. 

appearance of genera t ing  a convergent sequence of approximat ions .  

and i n  t h i s  paper through s i x t h  o rde r  

Both r e s u l t s  give every  

The technique we  employ i s  c l o s e l y  r e l a t e d  t o  t h e  c e l l - c l u s t e r  theory4 developed 

by J .  D e  Boer and h i s  coworkers. However it i s  a mod i f i ca t ion  which avoids  t h e  d i f f i -  

c u l t  combinator ia l  problems t h a t  have been a s soc ia t ed  wi th  t h e  c e l l  c l u s t e r  theory .  

Although our primary purpose i s  t o  i n v e s t i g a t e  a theory  t h a t  would be s u i t a b l e  

f o r  h igh ly  anharmonic s o l i d s  one might a l so  a s k  whether t h i s  technique can be used f o r  

c a l c u l a t i n g  t h e  thermodymmic p r o p e r t i e s  of an  i d e a l  c r y s t a l  i n  t h e  harmonic approxima- 

t i o n .  Since w e  cons ider  on ly  co r rec t ions  t o  the  E i n s t e i n  approximation due t o  t h e  

c o r r e l a t e d  motion of s m a l l  groups of contiguous p a r t i c l e s  one r e a l i z e s  t h a t  t h i s  i s  

i n t r i n s i c a l l y  a high temperature approximation and cannot r ep resen t  t h e  long wavelength 

p a r t  of t h e  l a t t i c e  frequency d i s t r i b u t i o n  func t ion .  Moreover, a general  development 

of t h e  h igh  temperature c r y s t a l l i n e  entropy i n  t h e  harmonic approximation can be 

expressed  i n  terms of a w e l l  def ined  pe r tu rba t ion  series about  t h e  E i n s t e i n  model and 

t h i s  development has been c a r r i e d  out by S a l t e r . 5  

complete dynamical ma t r ix  f o r  t h e  la t t ice  and as such i s  a more s u i t a b l e  and more e l egan t  

way Qf t r e a t i n g  t h e  pu re ly  harmonic approximation. 

modif ied t o  t r e a t  l a r g e  anharmonic e f f e c t s .  

S a l t e r ' s  series is based upon t h e  

However it cannot be s o  r e a d i l y  

11. BASIC METHOD 

Although t h e  approximation s & i C i G  descr thed below can i n  p r i n c i p l e  be app l i ed  t o  

t h r e e  dimensional ,  multi-component crystals inc luding  c e r t a i n  types of de fec t s  , f o r  the 

sake of i l l u s t r a t i o n  we  consider  a pe r fec t  monatomic c r y s t a l  corresponding t o  t h e  two 

dimensional  t r i a n g u l a r  l a t t i c e  shown i n  F i g .  1. 

n e a r e s t  neighbor i n t e r a c t i o n s .  

Moreover we  r e s t r i c t  ourse lves  t o  

W e  are i n t e r e s t e d  i n  a series of f r e e  energy func t ions  f o r  subf igures  of t h e  l a t t i c e  

A subf igu re  i s  a se t  of .C a r b i t r a r i l y  chosen l a t t i c e  s i tes  wi th  a l l  poss ib l e  nea res t  

ne ighbor  bonds drawn among t h e  s i t e s .  From a l l  p o s s i b l e  subf igures  w e  w i l l  consider  
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only  connected ones (see t a b l e  I f o r  examples). 

To def ine  t h e  f ree  energy func t ion  f o r  a connected subf igure  w e  f i x  a l l  atoms a t  

t h e i r  l a t t i ce  s i tes  except  f o r  t h e  4 atoms i n  t h e  sub f igu re  and ana lyze  t h e  harmonic 

v i b r a t i o n s  of t h e s e  4 atoms. (See appendix A f o r  an  o u t l i n e  of t h i s  a n a l y s i s . )  From 

these  r e s u l t s  w e  can eva lua te  the  p a r t i t i o n  f u n c t i o n  f o r  t h e  atomic v i b r a t i o n s ,  which 

i n  two dimensions has t h e  form 

24 
(I1 -1) 

8 = l/kT 

The v (CY = 1,2*.., 24) are t h e  frequencies  of t h e  2 4  normal modes of t he  connected 

subf igure  wi th  4 atoms of conf igura t ion  t .  

a ,d , t  
The cons t an t s  k and h are Boltzmann's 

cons tan t  and Planck ' s  constant  r e spec t ive ly  and T i s  t h e  abso lu te  temperature .  Note 

t h a t  we u s e  two ind ices  t o  i d e n t i f y  each f i g u r e .  The f i r s t ,  4,  gives t h e  number of 

atoms i n  t h e  f i g u r e  , and t h e  second, t , i d e n t i f i e s  t h e  conf igu ra t ion .  

The f i g u r e s  are numbered i n  t h e  a r b i t r a r y  manner given i n  t a b l e  I. For  each 

subf igu re  we  can then  c a l c u l a t e  a v i b r a t i o n a l  Helmholtz f r e e  energy func t ion ,  F ,  by 

= -kT I n  Q (11-2) 
4,  t F 

4,  t 

To d e s c r i b e  a macroscopic c r y s t a l  w e  need t o  ob ta in  t h e  f r e e  energy F 

system w i t h  N * To c a l c u l a t e  F we  propose t o  adopt a sys temat ic  series of 

approximations based on t h e  func t ions  F f o r  small & . F i r s t  w e  de f ine  a series 

of func t ions  W by means of recurs ion  formulas as i l l u s t r a t e d  k ? c z  f n r  t he  f i r s t  

few cases. See t a b l e  I f o r  f i g u r e  r e fe rences .  

f o r  an N atom N 

N 

4 ,  t 

4 ,  t 

= w  1,l 1,l F 

= 2 w  + w  
1,l 2 , l  2 9 1  

= 3 w  + 2 w  + w  2 , l  3 , l  3 $1 1 9 1  

= 3 w  +2w + w  3 $2 1,1 2 , l  3 , 2  

= 3 w  + 3 w  + w  3 93 191 2 , l  3,3 

F 

F 

F 

F 

(11-3) 
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The func t ion  W i s  a s i n g l e  p a r t i c l e  f r e e  energy and w e  ob ta in  the  E i n s t e i n  
1,1 

approximation t o  F by t h e  r e l a t i o n  N 

F = N W  (11-4) 
N 1 2 1  

The two p a r t i c l e  f r e e  energy F i s  equated t o  t h i s  E i n s t e i n  approximation p lus  
231 

a c o r r e c t i o n  term W The W can be considered t o  be t h e  f r e e  energy f o r  a p a i r  
2 , l '  291 

analogous t o  t h e  p a i r  p o t e n t i a l  func t ion  i n  t h e  p o t e n t i a l  energy of a system. For 

each f i g u r e  w e  f i r s t  approximate F 

c o r r e c t  t h i s  f o r  a l l  p a i r s ,  t r i p l e t s ,  and s o  on, up t o  t h e  4 - 1 p a r t i c l e  sub f igu res  

by the  E i n s t e i n  approximation .&J and then  .e, t 1 9 1  

contained i n  the  f i g u r e  under cons idera t ion .  I n  each case t h e  co r rec t ion  f a c t o r  i s  

.e, t given by some constant  t i m e s  t h e  appropr ia te  W .  The d i f f e r e n c e  between t h e  exac t  F 

and t h i s  series of approximations then  def ines  a new W c,t - 
I n  genera l  

.e, t 
+ w  

F .e, t =Wi i , j  'i,j 4,t (11-5) 

where T i s  t h e  number of d i f f e r e n t  conf igura t ions  of a connected subf igu re  of i i 

p a r t i c l e s  (see t a b l e  I) and t h e  Ci are t h e  number of f i g u r e s  of type ( i , j )  con- 
, j  

t a i n e d  i n  the f i g u r e  (&,t). 

I f  w e  now extend t h i s  r e l a t i o n  t o  a macroscopic c r y s t a l  of N p a r t i c l e s  and ignore 

boundary e f f e c t s  ( e .g .  one can consider  a square c r y s t a l  w i th  p e r i o d i c  boundary condi- 

t i o n s )  w e  o b t a i n  

T.e 
= g 4 , t w t , t  

&1 t=l 

(11-6) 

where Ng 

The combinator ia l  a n a l y s i s  f o r  ob ta in ing  the  g 

f o r  4 = 1 , 2 , 3 , 4 , 5 , 6  are given i n  t a b l e  I. 

i s  the  number of ways i n  which t h e  (4 , t )  f i g u r e  can be p laced  on t h e  l a t t i c e .  

i s  given i n  appendix B and t h e  g 
.e, t 

.e, t .e, t 
Phys ica l ly  we can  t h i n k  of f i r s t  approximat- 

i n g  t h e  N p a r t i c l e  c r y s t a l  by N equiva len t  and independent o s c i l l a t o r s  and then  
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successively c o r r e c t i n g  f o r  a l l  two, t h r e e ,  f o u r  and h ighe r  o rde r  p a r t i c l e  c o r r e l a t i o n s .  

Although w e  can prove noth ing  about t h e  convergence of t h i s  series of approximations,  

N' one hopefu l ly  needs only terms f o r  small & t o  o b t a i n  s u f f i c i e n t l y  accu ra t e  va lues  f o r  F 

Since t h i s  scheme ignores  long wavelength, i . e .  low frequency,  modes it appears 

t h a t  i t  w i l l  be v a l i d  only a t  high temperatures .  Therefore  we  concent ra te  our  a t t e n t i o n  

&,t: 
on t h e  h igh  temperature l i m i t i n g  form of Q 

(II- 7) 

Since  w e  cons ider  only n e a r e s t  neighbor i n t e r a c t i o n s  wi th  a simple fo rce  cons tan t  

are p ropor t iona l  t o  a fundamental f requency v : 
0 

a l l  f requencies  v 
CY,.C,t 

(11-8) 

where U i s  t h e  f o r c e  cons tan t  f o r  nea res t  neighbor i n t e r a c t i o n s  and m i s  the  mass of 

one atom. In t h i s  t rea tment  w e  r ega rd  vo as a parameter and express  a l l  our r e s u l t s  

i n  t e r m s  of a reduced temperature T*. 

T* = T/8 

8 = hVO/n 

Thus equa t ion  (11-7) can be expressed i n  t h e  form 
m 2 4  24, 

and 

w i t h  

F L , t  = -2klnT* + D 
kT 4,t 

24 

(11-9) 

(11-10) 

(11-11) 

(Y,4,t. D = 1 l n b  
4Yt 

Moreover s i n c e  t h e  W 

D 

/kT wi th  4 7  1 are independent of T* and can be computed from the  
.C,t 

terms, w e  ob ta in  f o r  a macroscopic N p a r t i c l e  sys t em the  fo l lowing  form for t h e  f r e e  4,t 
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energy. 

F /kT = -2N I n  T* + NDN N 

where D can be computed from the  series 
N N Q  N 

gC,t W.e,t D = D + ( l /kT)  e 
.til t=l N 1 9 1  

6. 

(11-12) 

(11-13) 

and the  modified r ecu r s ion  r e l a t i o n s ,  which fo l low from equat ions  (11-3) and (11-11) are 

D = 2D + W /kT 2,1 1,l 2,l 

= 3D + 2W /kT + W /kT (11-14) 
1,1 2,1 3 $1 

D 
3Y1 

Thus w e  can,  i n  the  high temperature l i m i t ,  focus our a t t e n t i o n  on the  cons tan t  D and 

ask how w e l l  it is  approximated by a few terms i n  t h e  series of equat ion  (11-13). 

N 

111. RESULTS FOR THE TRIANGULAR LATTICE 

In t h e  s i n g l e  p a r t i c l e  E i n s t e i n  Model one ob ta ins  f o r  t h e  high temperature  l i m i t  

of t h e  f r e e  energy p e r  p a r t i c l e  

FN/NkT = -2 I n  T* + 1.0986. (111-1) 

C o l l e c t i n g  a l l  t h e  terms i n  t h e  series i n  Eq. (11-13) f o r  each va lue  of 4. w e  have f o r  

success ive  terms i n  t h e  expansion of t he  f r e e  energy pe r  p a r t i c l e  

N 
FN/NkT = -2 In  T* + d& ’ 471 

% - T.e 
= w  /kT 

& e , t  .C,t 
: D  d t  = gC,t D4,t 

t=l 

(I11 -2) 

.“e 
due tz e=& f t 2 J t - e  are given i n  t a b l e  I. The c,t The high temperature c o r r e c t i o n s ,  D 

sum of a l l  terms f o r  each order  4, through s i x t h  o rde r  y i e l d s  t h e  fo l lowing  r e s u l t s  

This  

d = -0.0129 

d = -0.0106 

d = -0.0077 

4 

5 

6 

d = 1.0986 

d = -0.1767 

1 

2 

3 d = -0.0342 

ives an estimate of t he  f r e e  energy per  p a r t i c l e  t h r c  

N F /NkT 2 -2 In T* + 0.8565 

(111-3) 

tgh s i x t h  order  of 

(111-4) 

In F i g .  2 t h e  success ive  estimates f o r  t h e  cons tan t  D are p l o t t e d  as a func t ion  of N 
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l/JC. Ext rapo la t ing  g raph ica l ly  t o  4, = m w e  can a l s o  ob ta in  as an  ex t r apo la t ed  estimate 

f o r  the  f r e e  energy pe r  p a r t i c l e  

FN/NkT 2: -2 I n  Tdc + 0.79 (111-5) 

The success ive  co r rec t ions  t o  the  E i n s t e i n  model through s i x t h  o rde r  have a l s o  been 

c a r r i e d  out  f o r  t h e  complete f r e e  energy func t ion  given by Eqs. (11-1) and (11-2). 

These r e s u l t s  are displayed i n  F i g .  (3) where the  d i f f e r e n c e ,  IsFN/NkT, between t h e  

given o rde r  of approximation and t h e  E i n s t e i n  model i s  p l o t t e d  as a func t ion  of 1//4 

f o r  f i v e  isotherms.  

@ = F (Eins te in)  - FN(order  4) (111-6) N N  

There is a s u p r i s i n g l y  s m a l l  temperature dependence i n  t h e  rate of convergence of t h i s  

series of approximations.  

2 
While the  results f o r  r i g i d  d i s k s  through f o u r t h  o rde r  gave only  a very  s m a l l  

c o r r e c t i o n  (approximately .l% i n  t h e  f r e e  energy p e r  p a r t i c l e )  t o  the  s i n g l e  p a r t i c l e  

o r  ce l l  theo ry ,  we  f i n d  t h a t  the  same technique appl ied  t o  t h e  harmonic o s c i l l a t o r  mode.1 

gives  a r e l a t i v e l y  l a r g e  c o r r e c t i o n  t o  the  s i n g l e  p a r t i c l e  theory .  The series of 

c o r r e c t i o n s  appears t o  converge although r a t h e r  s lowly.  Empir ica l ly  we  f i n d  t h a t  t h e  

success ive  co r rec t ions  decrease l i n e a r l y  wi th  l//k where C i s  t h e  number of p a r t i c l e s  

i n  t h e  c l u s t e r .  

The c a l c u l a t i o n  given h e r e  leads  us t o  conclude t h a t  a modified c e l l - c l u s t e r  

technique  is  an appropr i a t e  way t o  generate  success ive  approximations t o  t h e  f r e e  

energy func t ion .  W e  hope t o  extend these c a l c u l a t i o n s  t u  mharz!.nnFr models i n  the 

f u t u r e  . 
0 
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APPENDIX A :  HARMONIC ANALYSIS OF CELL CLUSTERS ON A TRIANGULAR LATTICE 

R e s t r i c t i n g  ourse lves  t o  nea res t  neighbor i n t e r a c t i o n s  we  can regard  each c e l l  

c l u s t e r  as a c o l l e c t i o n  of po in t  masses and e l a s t i c  sp r ings .  The set  of sp r ings  under 

cons idera t ion  are those a s soc ia t ed  wi th  the bonds of each f i g u r e  i n  Table I p lus  t h e  

i n t e r a c t i o n s  between t h e  v i b r a t i n g  p a r t i c l e s  and t h e  neighboring f i x e d  p a r t i c l e s .  

i l l u s t r a t e s  t h i s  f o r  a t y p i c a l  s i x  p a r t i c l e  c l u s t e r  ( 6 ,  24 from Table I ) .  The 12 

P i g .  4 

coord ina tes  (an x,y coordinate  f o r  each particle) which desc r ibe  t h i s  system are a l s o  

given i n  F i g .  4 .  

The p o t e n t i a l  eoergy f o r  such a system can be w r i t t e n  as a sum over a l l  bonds o r  

"spr ings"  ( 2 9  terms i n  t h e  case  of c l u s t e r  6 , 2 4 )  with  a s i n g l e  f o r c e  cons t an t ,  N-. 

- R  I ARCY = l%CY w2a -la moa + r  - r  

= v e c t o r  between t h e  la t t ice  si tes as soc ia t ed  wi th  bond CY %a 
The displacement v e c t o r s  f o r  the  two p a r t i c l e s  a s soc ia t ed  wi th  bond a are denoted by 

and h2CY r . I n  t h e  case of a bond between one of the v i b r a t i n g  p a r t i c l e s  and a f i x e d  
& l C Y  

p a r t i c l e  r i s  i d e n t i c a l l y  zero .  -2a 
2 Each (AR ) can be expanded i n  terms of t h e  displacement v e c t o r s  t o  give i n  d i a d i c  

CY 

form 

(A-2) 

Thus each bond con t r ibu te s  t h r e e  2 x 2 blocks t o  t h e  12 x 12 dynamic mat r ix .  The c o n t r i -  

b u t i o n  be ing  s p e c i f i e d  by the  dyad &, R /RL 

R 

u n i t  v e c t o r s  a long  the  x and y Cartesian coord ina tes  r e spec t ive ly  and a denote the  l a t t i c e  

where R i s  t h e  magnitude of the  vec tor  
mCY Oa, Oa 

In  t h e  t r i a n g u l a r  l a t t i c e  the re  are t h r e e  d i f f e r e n t  cases. L e t t i n g  ,& and J, be t h e  

d i s t a n c e  we  have 



. 
Case 1: 

Case 2: 

Case 3 :  

R = a i  : w w 

& . , = ? a i - -  1 

R R  

2 
rworo 
RO 

3 - a  j 
2 ,  

L 

2. 

(A -3 1 

( A - 4 )  

3 - 'ii 4 

I n  a c t u a l  p r a c t i c e  t h e  dynarnical matrix f o r  each f i g u r e  w a s  set up au tomat i ca l ly  

by a computer i n  an or thogonal  Car tes ian  coord ina te  system. The computer accepted as 

input  a d e s c r i p t i o n  of each f i g u r e  then  au tomat ica l ly  cycled through the  set  of bonds, 

i d e n t i f i e d  each with one of t h e  above th ree  cases and added t h e  appropr i a t e  numbers t o  

t h e  appropr i a t e  elements of t h e  dynamical ma t r ix .  A f t e r  forming each ma t r ix  the  

e igenvalues  w e r e  obtained numerical ly  by t h e  general  computer program which then  

proceeded t o  c a l c u l a t e  t h e  p a r t i t i o n  func t ion  and f r e e  energy f o r  t h a t  f i g u r e .  



1. 

APPENDIX B: COMBINATORIAL PROBLEMS t 
c 

I n  the  formulat ion of success ive  co r rec t ions  t o  t h e  E i n s t e i n  model w e  encounter 

two combinator ia l  problems. 

namely t h e  number of ways a f i g u r e  of type ( i , j )  can be contained o r  placed on a f i g u r e  

The f i r s t  one involves  ob ta in ing  t h e  number Ctyt of Eq. (11-5), 
i , j  

of type (4,t) where 4, > t . This  count was obta ined  by simple b r u t e  f o r c e  count ing 

f o r  each f i g u r e .  The f i r s t  few r e s u l t s  can be found i n  E q .  (11-3). However, a t a b l e  

con ta in ing  the  r e s u l t s  f o r  a l l  f i g u r e s  through s ix  p a r t i c l e s  would be p r o h i b i t a t i v e  i n  

length  and we  hope t h a t  t h e  fol lowing few a d d i t i o n a l  examples w i l l  adequate ly  e x p l a i n  

the  concept.  The r eade r  i s  r e f e r r e d  t o  Table I f o r  t h e  code n o t a t i o n  of each f i g u r e  

(B - 1) 
+ 5 w  + 2 w  + m  + w  + w  + 2 w  + w  5Y8 = %1 291 3Y1 3 ,2  3 , 3  4 ,2  4 ,3  5 ,8  F 

4 Y3 
+ 8 w  + 2 w  + 4 w  + 3 w  + 2 w  + 4 w  

F6,37' ml,l  2 , 1  391 3Y2 3 93 4Y2 

+ '6,37 + w  + 2 w  + 2 w  + 2 w  + w  
4 94 497 5Y6 5,9 5,14 

The second problem arises i n  counting t h e  number of t i m e s  t h a t  a given f i g u r e  can  

be p laced  on a l a r g e  l a t t i c e  of N s i t e s  o r ,  i n  o t h e r  words, t h e  number of d i f f e r e n t  ways 

t h e  given c o r r e l a t e d  motion can occur among t h e  N p a r t i c l e s  of a l a r g e  l a t t i c e .  

t h i s  problem w e  cons ider  a system under p e r i o d i c  boundary condi t ions  o r  ignore any 

e f f e c t  due t o  t h e  boundaries of t h e  s y s t e m .  The genera l  s o l u t i o n  t o  t h i s  problem can 

I n  

be given i n  terms of the  symmetry of each f i g u r e  . 
I?, a ge.Izetal f i g u r e  - p ick  one poin t  a r b i t r a r i l y  and i d e n t i f y  i t  as t h e  "or ig in"  f o r  

For each t h i s  f i g u r e .  

p o s i t i o n  of t h e  "or igin"  w e  can r o t a t e  t h e  f i g u r e  about t h i s  "or ig in"  po in t  through 

success ive  angles  of 60" and ob ta in  s i x  equiva len t  f i g u r e s .  

This  "or ig in"  can then  be p laced  a t  any of N l a t t i ce  p o s i t i o n s .  

Next cons ider  t he  mi r ro r  image of t h e  given f i g u r e  obtained by r e f l e c t i o n  through 

Again place the  "or ig in"  poin t  on any one of t h e  N l a t t i c e  s i tes  a l i n e  i n  t h e  p l ane .  

and by repea ted  r o t a t i o n  generate  again 6N equiva len t  f i g u r e s .  

maximum number of ways a given f i g u r e  can be placed on a l a t t i c e  i s  12N. 

Thus w e  see t h a t  t h e  



2 .  

. W e  now ask ,  i n  count ing t h e s e  12N pos i t i ons  of t h e  f i g u r e ,  how many f i g u r e s  have 

been counted more than  once? (a) I f  t he  f i g u r e  has l ine  of symmetry, i t s  mi r ro r  image 

i s  equiva len t  t o  one of t he  r o t a t e d  s t r u c t u r e s  and we  have counted every f i g u r e  t w i c e .  

(b) 

we  w i l l  count  each f i g u r e  n t i m e s  i n  t he  process descr ibed  above. 

f i n d  t h a t  

I f  t h e  f i g u r e  has an  n-fold r o t a t i o n a l  a x i s  of symmetry perpendicular  t o  t h e  plane 

Thus i n  genera l  w e  

= { 2 i f  the  f i g u r e  has a l i n e  of symmetry 

dyt 1 otherwise 

n = order  of a perpendicular  r o t a t i o n a l  a x i s  of symmetry 
L t  

given i n  t a b l e  I w e r e  ob ta ined .  .L,t I n  t h i s  manner t h e  combinator ia l  numbers g 
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APPENDIX C : MONATOMIC ONE -DIMENS ZONAL CRYSTAL 

The method of success ive  approximations t o  the  Helmholtz F ree  Energy as ou t l ined  

i n  s e c t i o n  I1 can  be e a s i l y  c a r r i e d  t o  high order  f o r  t h e  one-dimensional c r y s t a l .  I n  

t h e  f i r s t  p l ace  t h e  r ecu r s ion  r e l a t i o n s  given by Eq. (11-3) f o r  t h e  t r i a n g u l a r  l a t t i c e  

t ake  t h e  fo l lowing  simple form 

F4, = 2 (zrs+l) w S 

s =1 

f o r  t h e  one-dimensional case.  This  then  implies  t h a t  

1 W = F  1 

W = F  - 2F1 2 2  

4,> 2 4-2 W C  = FC - 2F4,-1 + F 

Moreover, s i n c e  t h e  l a t t i ce  v i b r a t i o n  problem can be so lved  e x p l i c i t l y 6  i n  t h i s  case 

each F4, can be  c a l c u l a t e d  from the  r e l a t i o n  

F /kT = {cos Cp /T* + ln(1-exp[ -2120s Cps/T*]) ] 
S 

s =1 4, 

Cps = STT/2(4,+1) 

The f i n a l  r e s u l t  i n  which t h e  f r e e  energy of a macroscopic system of N p a r t i c l e s  i s  

expressed  as a series of 8 p a r t i c l e  c o r r e l a t i o n  co r rec t ions  has  t h e  simple form 

N 
FN/NkT = c W8 /kT 

&=1 

F i g .  (5) d i sp lays  a summary of the one-dinisiiskzlzl r e s u l t s ,  The exac t  r e s u l t  f o r  

F /NkT i n  t h e  thermodynamic l i m i t  w a s  ca l cu la t ed  from the  known frequency d i s t r i b u t i o n  

func t ion .6  Although t h e  ra te  of convergence of t h i s  series appears t o  be r a t h e r  s l o w  

t h e  Xth o rde r  r e s u l t  i s  a smoothly vary ing  func t ion  of 1/4, becoming l i n e a r  i n  1/4, f o r  

N 

large 4, . It is a l s o  i n t e r e s t i n g  t o  note  t h a t  t h e  e r r o r  i n  t r u n c a t i n g  the  series 

r a p i d l y  becomes independent of temperature f o r  4,z 6.  



FOOTNOTES 

-k P a r t s  of t h i s  research  were ca r r i ed  out by the  s e n i o r  s tuden t s  i n  the s t a t i s t i c a l  

thermodynamics course a t  the Rice Universi ty  a s  a course assignment dur ing  the  s p r i n g  

semester of 1965.  The s tuden t s  con t r ibu t ing  t o  t h i s  a n a l y s i s  were D .  R. Appel t ,  

F. M. Brasch, 3. B .  C a s t i l l o ,  R .  T. C o l l i e r ,  L. B. Dean, R. M. Evans, M. L .  Fontenot ,  

J. W .  Hansberry, C .  R. Head, D .  G.  Holland, L .  E .  Howard, J .  W .  Howze, A .  T .  Hunter,  

C .  D .  Hyat t ,  C .  B .  Jones,  C .  W .  Keilers,  K .  Y .  Maxham, G. A .  Mayfield,  T .  W .  Mi l le r ,  

J .  A .  Musselman, J .  T. O'Connell, T .  K .  Phelps ,  J.  M. Power, S .  B.  Smith, J.  A.  Sprague, 

P.  A .  Torgrimson, C .  R.  Underwood, Jr . ,  W .  C .  Voigt ,  D .  M. G i l l i a m ,  J .  V.  C l i f t o n ,  

A .  K .  Schwartz,  J r . ,  J .  T .  F .  Kao, A .  T.  Hu, J. E .  Park,  R .  T .  Beaubouef, L .  D .  Russe l l ,  

R.  C .  C la rke ,  C .  M. McBride, R. W.  Kennemer, W .  M. S a l a t h i e l ,  E .  Sorenson, P.  S .  Davis 

and L. N .  January.  

t M r .  Richard W .  Kennemer, one of the undergraduate s tuden t s  mentioned before ,  c o n t r i -  

buted the  a n a l y s i s  of t h i s  s e c t i o n .  
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TABLE I 

Cata log  of t he  various.  conf igura t ions  of the connected subf igures  wi th  s ix  o r  fewer 
p a r t i c l E s ,  inc luding  the  i d e n t i f i c a t i o n  (&t) and t h e  a s s o c i a t e d  combinator ia l  f a c t o r  

p a r t i c l e  f o r  t h e  f i g u r e  (t,t). c(-e) denotes c x 

i 
D are the  high temperature co r rec t ions  t o  t h e  Helmholtz f r e e  energy p e r  g.e,t. t , t  

Figure  D .c, t 
r-’ P.1 

.e, t %, 1 
Figure  D 

g t ,  t 4, t .e, t 

0-0 -5 .889152(-2)  2 , 1  

*-e-* -7 .874179(-3)  3 , l  

/ -1 .956950(-3)  3 , 2  .-. 

A +5.642560(-4)  3 , 3  
I-. 

i -2 .801903(-4)  4 , 2  .--. 

.-.-. !\ +1.314161(-5)  4,3 

-2 .544334(-3)  4,4 
0-0 

\,d -6 .920867(-5)  4 , 5  

1 +2.238464(-4)  4 , 6  
* \  

3 
-6.920838(-5)  4 , 7  /- 

3 
--e-- -1 .653166(-4)  5 , 1  

6 

2 

3 

12  
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0-.- 
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TABLE I (continued) 

Figure gd, t 

e l 
I 

6 1  
I 6 t 7 -1.005453 (-5) 5 920 
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-1.012356(-5) 5910 \ 

.-0-0 
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.-a 
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.\ i 

e-. 
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4, t gt, t 
yv F i gure D 

g4, t c, t 4, t C. 

F i gure D .e, t 
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TABLE I (continued) 
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TABLE I (continued) 
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. F i g .  1: A s e c t i o n  of a two dimensional t r i a n g u l a r  l a t t i ce  corresponding t o  

t o  t h e  close-packed arrangement of r i g i d  d i sks .  The b a s i s  v e c t o r s  f o r  

t h e  l a t t i ce  are given by a and a wl -42- 

F i g .  2 :  Successive approximat ions t o  the  high-temperature cons tan t  

D =F /NkT + 2 I n  T* as a func t ion  of 1/ (4, where G is  t h e  order  of 

approximat ion .  

N N  

For the  t r i a n g u l a r  l a t t i c e  AF = F -F t h e  d i f f e r e n c e  

between t h e  f r e e  energy f o r  a given order  of approximation and the f r e e  

energy of t he  E i n s t e i n  model is p l o t t e d  as a func t ion  of 1/ JG, where 

Approx. E i n s t e i n ’  F i g .  3 :  

C i s  t h e  order  of approximation. Five isotherms over the  temperature 

range T* = 0 . 4  t o  2 . 0  are depicted.  

F i g .  4 :  The normal mode model f o r  a t y p i c a l  s i x  pa r t i c l e  l a t t i c e  f i g u r e  ( 6 , 2 4  

i n  t a b l e  I.) The fo rce  constants  which must be considered f o r  nea res t  

neighbor i n t e r a c t i o n s  are depicted as sp r ings .  

used i n  t h e  a n a l y s i s  (xi, yi) i = 1, - .  - ,  6 are a l s o  ind ica t ed .  

The Car t e s i an  coordinates  

F i g .  5 :  For a one-dimensional model t h e  d i f f e rence  between the  s p e c i f i c  

f r e e  energy f o r  a given order  of approximation and t h e  exac t  s p e c i f i c  

f r e e  energy i s  p l o t t e d  as a func t io i i  of T“ CII a logar i thmic  s c a l e .  

o rde r s  of approximation given are 4 = 1 ( t h e  E i n s t e i n  model),  2,3,4,5 

and 6 .  

The 
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